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Abstract. In this paper we study the spectrum of long-range percolation graphs. The 
underlying geometry is given in terms of a finitely generated amenable group. We prove 
that the integrated density of states (IDS) or spectral distribution function can be approx- 
imated uniformly in the energy variable. Using this, we are able to characterise the set of 
discontinuities of the IDS. 



1. Introduction 

In this paper we study spectral properties of random graphs given by long-range percolation 
models. The underlying geometry is induced by a finitely generated amenable group. We 
measure the distance of the elements in the group in terms of the word metric with respect 
to some finite and symmetric set of generators. While the vertex set of the graph under 
consideration consists of all elements of the group and hence is deterministic, the edges are 
inserted randomly and mutually independently. The probability of the existence of an edge 
depends on the distance between the incident vertices measured in terms of the word metric. 
Though our model allows edges of arbitrary length, long edges are very unlikely. Notice that 
for long-range percolation graphs the Laplace operator A u is almost surely unbounded and 
not of finite range. Here we say that an operator is of finite range if there is constant R such 
that the matrix elements of the operator equal zero if their distance to the diagonal is larger 
than R. 

We are interested in the spectrum of A w or more precisely in properties of the corresponding 
integrated density of states (IDS), also known as the spectral distribution function. More 
precisely we ask whether this function can be approximated via finite volume analogues. Let 
us describe in more detail the problem under consideration. It is well known, that amenability 
is equivalent to the existence of a F0lner sequence (Qj), cf. [Ada93j . Restricting the Laplacian 
A w to an element Qj gives a finite dimensional matrix, denoted by A w [Qj]. The distribution 
of the eigenvalues of A W [Q,-] is encoded in the function n(A w [Qj]) : R — > R which maps each 
E € R to the number of eigenvalues of A w \Qj\ not exceeding E. This is called an eigenvalue 
counting function. Given this construction it is natural to ask wheather (and with respect to 
which topology) the eigenvalue counting functions converge when j tends to infinity. 

Before further elaborating on this question, let us briefly describe the content of the paper. 
The next section is devoted to give precise definitions of the geometric and probabilistic 
setting. In fact we present the details of the mentioned long-range percolation model and 
introduce the class of groups which our theory applies to. An important property that is 
required is the existence of a F0lner sequence (Qj) such that each Qj is a monotile of the 
group. In Section 3 we prove a result from the theory of large deviations, namely a Bernstein 
inequality for random variables. This is used to estimate the number of "long" edges (i.e. 
edges of length longer than some constant R) which are incident to a certain set of vertices. We 
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are interested in the convergence of functions which describe the spectra of operators restricted 
to elements of a F0lner sequence (Qj). Therefore it is usefull to prove that boundary effects 
caused by this restriction either vanish for increasing j or appear only with small probability. 
This is done Section 4 where we use the mentioned estimate on the number of "long" edges 
to verify a weak form of additivity for the eigenvalue counting functions. This will be one of 
the key tools in the proof of our main result, namely Theorem 15.31 A special version of this 
reads as follows 

Theorem. Let (Q n ) be a strictly increasing and tempered F0lner sequence of monotiles and 
Fu)(Q) = n(A UJ [Q]) the eigenvalue counting function. Then there exists a distribution function 
N : R ->• [0, 1] such that 

FUQn) 



N 



0, n — > oo 



\Qn\ 

for allmost all lu £ £1. The function N is called integrated density of states. 

Hence we give an answer to the above formulated question concerning the convergence of the 
eigenvalue counting functions. Notice that as we consider the supremum norm this theorem 
proves uniform convergence, which goes far beyond the usually shown pointwise convergence. 
Another important feature of this result is that the limit-function is non-random. This is not 
surprising once one notes that there is an ergodic theorem in the background. In last section 
Theorem 15.31 is applied to investigate the points of discontinuity of the IDS. 

Now we compare the content of this paper to results of previous ones. We start with work 
where properties of long-range percolation graphs have been studied. In |AB87j and |AV08a| 
the authors investigated the size of percolation clusters in the subcritical phase. While the 
first considered a model on Z, d , the latter focused on the more general class of quasi-transitive 
graphs. Work which is closely related to ours was done in [AV08b], where the asymptotic 
behaviour of the IDS was analysed. In fact it was shown that the IDS (corresponding to the 
graph Laplacian) exhibits exponential behaviour at the bottom of the spectrum. Another 
approach to the study of spectral properties was chosen by Ayadi |Aya09 . He investigates 



the resolvent of operators on long-range percolation graphs via a finite volume analogues and 
pays special interest to an associated correlation function. 

The approximability of the integrated density of states is studied in various instances in 
the literature. The first seminal results where obtained by Pastur [Pas7lj and Shubin |Shu79| 
who proved pointwise convergence of the finite volume approximants in the context of ergodic 
random operators and almost periodic operators defined on the Euclidean space. Based on 
these results it is nowadays well known that operators defined on R d or Z d obeying a certain 
kind of ergodicity give rise to pointwise convergent sequence of approximating functions. 
Beside this many similar results have been obtained for more complex geometric settings and 
operators. See for instance |Szn891 ISzn90l IA~S93l IPV02t ILPV04] . where periodic Laplace and 
Schrodinger operators on manifolds have been investigated. Related work in the context of 
periodic graphs has been done in }MY02l IMSY031 lDLM+031 IVes05] . 



In the topology of pointwise convergence the existence of the IDS has been mostly obtained 
for operators of finite range but also for operators which do not obey this property. See for 
instance |PF92j and references therein, where the authors prove pointwise convergence of the 
eigenvalue counting functions for certain random, symmetric operators on £ 2 (1, d ) which are 
not necessarily of finite range. 

Note that in all of the above mentioned cases the authors obtained either pointwise con- 
vergence on the whole real axis or pointwise convergence continuity points of the IDS. Both 
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types are much weaker than the convergence with respect to the supremum norm. This is 
of special interest in the context of quasi-periodic and percolation models where it is known 
(see |KLS03| respectively [CCF + 86l IVes05j ) that the set of points of discontinuity of the IDS 
is usually very large and can even be dense in the spectrum. 

Recently uniform convergence has been shown for several types of operators and geome- 
tries. In |LV09j the authors present a method which applies to a large class of discrete models. 
Among these are Anderson and quantum percolation models, quasi-crystal Hamiltonians on 
Delone sets, Harper operators, random hopping models as well as Hamiltonians associated 
to percolation on tilings. However, the ideas they use are based on the assumption that the 
underlying operator is of finite range. Another method to obtain uniform existence of the 
IDS has been invented in |LS06j for Delone dynamical systems and the associated random 
operators. Here an ergodic theorem for certain Banach space valued functions has been estab- 
lished. This is applicable for eigenvalue counting functions of finite range operators and leads 
to their convergence with respect to the supremum norm. These ideas have been adapted to 
the case where the underlying space equals Z d in |LMV08| and later on for Cayley graphs given 
through amenable groups jLSVlOj . The considered operators therein fulfil certain ergodicity 
properties and are assumed to be of finite range as well. 

The last mentioned papers are closely related to the present one as we make use of an 
ergodic theorem as well and study the same underlying geometry as in [LSVIO] . However 
we go beyond these results in several ways. The most important difference is that we are 
able to treat operators which are not of finite range. This property has been used in various 
instances in the above mentioned papers |LS06|. ILMV081 ILV091 ILSVlOj . as many estimates 
therein are based on rank estimates for restrictions of the operator in question. To verify 
similar results for the present model, it proved to be usefull to apply ideas from the theory 
of large deviations, namely a Bernstein inequality. Roughly spoken this Bernstein inequality 
makes it possible to show that appropriate rank estimates hold with high probability. Another 
advantage is that we are able to give characterisation the set of points of discontinuity. In 
fact we prove that this set consists of all eigenvalues of all finite graphs and hence does not 
contain a transcendental number. 

In summary, it can be said that there are several results which prove uniform existence of the 
IDS for models with finite range operators and there are results where pointwise convergence 
is shown for operators which are not necessarily of finite range. To the best of our knowledge, 
this is the first work where uniform convergence of the eigenvalue counting functions is shown 
for operators which are not of finite range. 

2. The model 

In this paper we consider long-range percolation models on amenable groups. Firstly we 
describe the group as a metric space and introduce certain definitions. Afterwords we give 
the details of the random process which generates the graph T^. 

Let G be a finitely generated group, P a finite and symmetric set of generators and id the 
unit element in G. Every element g € G can be written as a product g = pi- ■ -pi, where 
Pi G P, i = 1, . . . , L. We say that the distance between two distinct elements g,h € G equals 
L if and only if L is the smallest number such there are elements p\, . . . ,pl £ P satisfying 
gh^ 1 = pi ■ ■ ■ pl- This gives a metric which we will denote by d : G x G — > No 

d(g, h) := min{L G N | po = id, 3p±, ... ,p L e P such that p pi ■■■PL = gh^ 1 }. 
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For a ball of radius R around an element x € G we write -Br(x) := {g S G\d(g,x) < -R} and 
-Br := Br (id) if x equals the unit element id. The set of all finite subsets of G is denoted by 
T(G). Given a set Q € T(G) we define the diameter by diam(Q) := max{d(g,h)\g,h E Q} 
and use \Q\ for the cardinality of Q. Furthermore we introduce the following notation related 
to the boundary of a finite subset Q C G: 

dint(Q) :={xeQ\ d(x, G\Q)< R}, d? xt (Q) := {x e G\Q \ d(x, Q) < R}, 

(1) 

d R (Q) :=^ t (Q)uCt(Q) and Q R :=Q\d R (Q). 

We use the notations (Qj) and (Qj)jeN for a sequence of finite subsets of G, where the index 
j takes values in N and for a fixed element Qj of such a sequence we write Qj,R instead of 
(Qj)n = Qj \ d R (Qj). It is well known |Ada93| . that amenability of G is equivalent to the 
existence of a sequence (Qj)j^n of finite subsets of G such that 

lim ^giWil n 



j-+oo \Qj\ 

holds. Such a sequence (Qj)j^ is called F0lner sequence. It is easy to show that 
lim ' Jl = hm 1 ™ , JI = hm ' , JI = lim — - = 

i-J-OO j-S-OO IQjl j->00 IQjl J^-OO \Qj\ 

holds for each F0lner sequence (Qj) and i? > 0. Given subsets Q,T C G such that Q is 
finite, we say that {Qt \ t G T} is a tiling of the group G, if G is the disjoint union of the 
sets Qt, t E T. In this situation Q is called iz/e or more precisely monotile. An equivalent 
formulation is Q tiles G. An assumption on the group G will be the following: there exists a 
F0lner sequence (Q n ) such that each element of the sequence is a monotile. 

Remark 2.1. Let us briefly discuss this assumption. It can be inferred from |OW87j that 
the class of groups, containing a F0lner sequence of monotiles, covers all cyclic groups and 
solvable groups as well as all finite extensions thereof. Thus this condition is fulfilled for all 
elementary amenable groups. 

Moreover if G contains a sequence of finite index subgroups (G n ) such that one can choose 
the sequence of associated fundamental domains (F n ) (with respect to G) as F0lner sequence, 
then obviously (F n ) fulfils the above condition. Weiss proved in [WeiOlj that such sequences 
exist in any residually finite, amenable group. Recently Krieger |Kri07| weakend up the 
condition of being residually finite, more precisely he showed that it is enough to assume that 
there exists a sequence of finite index subgroups (H n ) such that f] ne ^H n = {id}. These 
considerations show that in particular any group of polynomial growth fits in our framework. 

A sequence of (Q n ) of finite subsets of G is said to be tempered if for some G > and all 
n € N 

U QtQn < C\Q n \ 

k<n 

holds. It can be shown, that each F0lner sequence has a tempered subsequence, see e.g. 
[LinOl] . We call a sequence (Qn) strictly increasing if |Q n +i| > \Q n \ for all n £ N. Again 
one can show that each F0lner sequence has a strictly increasing subsequence. As each 
subsequence of a strictly increasing sequence is strictly increasing as well, this gives that 
there is a strictly increasing tempered F0lner sequence in each amenable group. 
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We continue with describing the randomness. Let the set of vertices V be given by the 
elements of the group G and let E be the set of edges of the complete undirected graph 
r = r(V, E). Thus an edge e E E is an unordered pair of vertices x,y E V which we will 
denote by e = [x,y]. Let an arbitrary element p = {p{x)) x ^G € l l {G) satisfying 

(2) < p(x) < 1 and p(x) = p(x~ ) for all x E G 

be given. In order to generate the a random subset E^ C E by a percolation process we 
define for each e E E the probability that the edge e = [x, y] is an element of E u to be equal 
to p(xy~ 1 ). 

More precisely we consider the following probability space: the sample space is given by 
Q = {0, 1} E the set of all possible configurations. We take A to be the cr-algebra of subsets of 
Q generated by the cylinder sets. Finally we define the product measure P = J| eg£; Pe where 
for each e = [x,y] E E the probability measure P e on {0, 1} is given by 

P e (w(e) = 1) = pixy" 1 ) and P e (w(e) = 0) = 1 - p{xy~ l ). 

Thus each uj E gives rise to a graph T w = (V, E u ). Now we discuss an alternative definition 
of the long-range percolation process. 

Remark 2.2. We introduced the distribution of the probabilities via an arbitrary function 
p E f(G) satisfying ©. There is an equivalent and in physical communities more common 
way to do so. 

For each pair of vertices x, y E G let J xy be a real number such that 

• Jxz,yz = Jx,y f° r a H z E G, 

• J := J x := SygG Jx,y is finite and independent of x E G. 

We fix f$ > and declare an edge [x,y] to be open with probability 1 — e~^ Jx ' v . To see the 
equivalence to the above definition it suffices to show that Y1xggP( x ) < 00 holds if and only 
if Sj/gG ^ °°' wnere p( x U~ l ) = 1 — e ~ *• Using that 1 — e _s < s for all s E R one 
obtains 

£ „(*) = £ p^ 1 ) = £ 1 - e"^- < /3 J *,y 

x£G y£G y&G y£G 

To prove the converse direction we apply Taylors formula, which shows that there exists a 
constant T > such that 

l-e-^=/9J., y -f;fc^>i/5J^ 

fe=2 

holds for all x,y £ G satisfying y) > T. Thus we get 

E J ^ = E E J *<y^ E J ^ + l E (i-^'J^EpW 

yeG ySG ygG ySG P y£G X £G 

d(x,y)<T d(x,y)>T d(x,y)<T d(x,y)>T 

for c > large enough. 

Note that by definition [x,y] = [y,x] and P([a;,y] E Ej) = P([xz,yz] E = p{xy~ 1 ). 
Furthermore we get for x E G 

(3) e(R):= £ p^" 1 ) = £ p(y) 

yeG\B R (x) yGG\B fl 
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and lim^-j.oo e(R) = since p G l l (G). The next result shows that for almost all realisations 
the graph T u is locally finite. To this end we define for given x G G and u G O the vertex 
degree of x in T w by 

m w (x) := \{y G G j [x,y] G G [0,oo]. 

Lemma 2.3. There exists a set Q\{ C f2 of full measure such that m w (x) is finite for all 
x G G and all oj G . 

Proof. Fix an element x G G. For each y G G we denote by := {[x,y] G -E^} the event 
that x and y are adjacent. Since 

J/GG J/GG 

we can apply Borel-Cantelli Lemma which gives that there exists a set Q x C with probability 
one such that m UJ (x) is finite for each w G fij. This implies 

P({zb G G such that m LU (x) = oo}) = PI J {m^(x) = oo} 

VzGG / 

< J]P({m a; ( a; ) = oo}) 

xgg 

< ^p(n\fi a ) 

XGG 

As G can have only countable many elements the claim follows. ■ 

We go on defining certain random variables. Given an edge e G E the random variable 
X e (tj) is equal to one if e is an element of E u and zero otherwise. If an edge is given by a 
pair of vertices [x, y] it is obvious that Xt x ^ = Xt y ^ x i and its distribution depends only on 
the value xy~ l . 

For fixed R G N and a finite subset Q = {x±, . . . , xiqi} C G we define random variables 
Yi,i = l,...,\Q\ by 

(4) Yi(uj) = X [xi,y] ( w ) where M/* := {x G G | d(x,Xi) > R, x / Xj Vj < i}. 

S/GAff' 

Thus, Yi is the random variable counting the edges of length larger than R, being incident 
to Xi and not counted by any Yj, j = 1, . . . , i — 1. Note that the variables Yj are independent 
and Lemma 12.31 yields P(Yj = oo) = 0, i = 1, . . . , \Q\. Furthermore the distribution functions 
for these random variables fullfill Fy 1 {z) < Fy^z) for all i G {1, . . . , |Q|} and all z£i By 
equation ([3]) the expectation value E(Yi) equals e(R). We denote the centred random variable 
Yi - E(Yj) by Yi for all i = 1, . . . , \Q\ and set Y := Y u Y := Y x . The aim of Lemma El is to 
describe the distribution of the variables Yj. 

Lemma 2.4. Let R G N, Q = {x\, X2, ■ ■ ■ , x \q\} & J~(G) and Yi, i = 1, . . . , \Q\ be given as 
above. Then the estimate 

P(Yj >t)< ce~* 

holds for all t G N and all i = 1, . . . , \Q\, where c G M is given by 

c=Y[(l+p(y)(e-l)). 
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Proof. Let y G G be arbitrary and set x := x\ as well as Y = Yi, then 

E(e x ^l) = p(xy~ 1 )e + (1 - p{xy~ x ))£ = 1 + p(ajy -1 )(e - 1) 
holds. The independence of X e , e £ E implies 

E(e y ) = J] E(e*[-])= J] (l +p(xy- 1 )(e - 1)) < ]J (1 +p(y)(e - 1)) 

yeG\B R (x) yeG\B R (x) y&G 

since Y = J2 y eG\B R (x) X[ x ,y]- The product converges to a finite number since 



oo 



H (l+p(y)(e-l))=exp h]ln(l +p(y)(e- 1)) < exp (e-l)^p(t,) < 

yGG \yeG J \ y£G J 

holds by assumption on p. Now we use Markov's inequality to obtain for given 

&(Yi >t)< F(Y >t)< e-*E(e y ), 
which implies the claimed inequality with constant c not depending on R. ■ 

Lemma [2,41 implies that for each /ceN and is{l,...,|Q|} the moments E(Y k ) and E(Y k ) 
exist. This is clear from 

oo oo oo 

\E(Yf)\ =^2t k F{Yi = t)< ^2t k F{Yi >t)< c)]fV ! < oo 

t=0 t=0 t=0 

and 



\HYi 



f^(t-E(Yi)) k F(Yi = t) 



t=o 



< J2\t -E(yi)| fc p(y 4 > t) < cEl*- E (^)l fc e~* < oo. 



t=o t=o 



3. Bernstein inequality 



In this section we verify a Bernstein inequality for independent random variables £j. This 
is a result from the theory of large deviations. It estimates the probability that the sum of 
the random variables differs too much from its expectation value. The proof follows ideas 
from [AZ88| where similar estimates are shown. 

Theorem 3.1 (Bernstein inequality). Let £i,---,£n be independent random variables satis- 
fying 

(5) E(&) = and |E(£?)| < \r k ~ 2 k\ 

for all i = 1, . . . ,n, all k 6 N \ {1} and some constant r > 0. Then 

P(5 > a) < 



. 2 



e 4n , < a < n/r 
e 4t , a > n/r 



w/iere 5 = XT=i&- 

Proof. For fixed i 6 {1, . . . , n} and /i G (0, ^-] we have by assumption on £j 

E(e ^) = £ E ((^) fe ) < i + h 2 jr h k ~ 2 ^SA < 1 + y f>r) fc - 2 < 1 + /j 2 < e h \ 

fc=0 ' fc=2 k=2 
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Furthermore the independency of the random variables implies 

n n 

E(e hS ) = JjE(e^) < JJe' 1 ' = e n/l2 . 

i=i i=i 

Using this and Markov inequality we obtain 

(6) P(S > a) < e - Q/l E(e h5 ) < e nh2 - Qh 

for each a > 0. In the case < a < ^ set h = ^ < ^p. Then ([6]) can be written as 

<£ 

4ro 



If a > — we set /i = 77- an conclude 

— t It 



which proves the claimed estimate. 



P(5 > a) < e 
P(5 > a) < e~^, 



The next Lemma shows that the variables Y^, i = 1, . . . , \Q\ fulfil the conditions ([S]) with 
some parameter r > 0, which is independent of R and Q. This allows to apply Theorem 13.11 
in order to prove an adapted inequality in Corollary! 



Lemma 3.2. There exists an Ro € N such that for each R> Rq the following holds: for any 
set Q = {x\, . . . , x\q\} € F{G) and associated random variables Yi,i = 1, . . . , \Q\ given as in 
([^p each Y{ = Yi — E(Yj) satisfies the conditions (0) with r = 6j| ygG (1 +p(y)(e — 1)). 

Proof. Notice that the existence of the moments E(Y^), k € N, i £ {1, . . . , |Q|} is already 
clear from Lemma 12.-41 However it is not obvious that the conditions ([5]) hold with r given 
as above. Furthermore we see r = 6c, where c is the constant given by Lemma l2.4i In the 
special case where the second moment of Yi equals zero, the conditions ([5]) are clearly fulfilled 
since then E(Yf) = for all k G N, i 6 {1, . . . , \Q\}. 

Let Q = {xi, . . . , x\q\} £ F(G), i G {1, . . . , |Q|} and set x := xi. We firstly choose a 
certain constant T G N and give a condition for i?o and in order to prove that E(if) does 
not exceed one for alH = 1, . . . , n and all R > R$. Let T G N be such that 

00 1 

(7) E *v< £ s- 

i=T+l 

where c > is the constant given by Lemma I2.4I Now choose i?o G N such that 

(8) s(R) < -iln (l- (s f> 2 ^ 
for all R> i?o- This choice implies 

(9) E(Yj) < E(y) = e(R) < \ and p(y) < \ for all i? > R , y G G \ B Ro . 
Furthermore we get for R > Rq 

w(Yi = 0) > p(y = 0) = p [ YI X ^y] = °)= U (i-p(xy 1 ))= J] (i-Ky))- 

\2/eG\i? fl (x) / y eG\B R (x) yeGXSfl 
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Now we use the inequality 1 — z > e~ 2z which holds for all z £ [0, 0.5] and obtain 

II (1-P(y)) = exp I H*-P(y)) >exp -2 P(f) I =exp(-2e(i?)), 



which shows using 



\V£G\B R 



y&G\B R 



T 



(10) P(Fi > 1) = 1 - P(YS = 0) < 1 - exp(-2e(i?)) < 3 ^ £ 2 

V t=i / 

As E(F i 2 ) can be written as 

oo 

E^ 2 ) = |E ((Yi - E(y)) 2 ) \=J2(t~ nYi)) 2 ^ = t) 



t=0 



the estimates in d?]) , Q , (fTPj) and Lemma 12.41 imply 

T oo 

E(y, 2 ) < (E(y)) 2 + J2(t - E(y)) 2 P(y = t) + £ (t - E(y)) 2 P(y = t) 



t=T+l 



< (e( J R)) 2 + p(y i > i)^t 2 + t 2 P(y>t) 

t=l t=T+l 

1 1 1 
<- + - + - = 1. 

~ 3 3 3 

Now let k > 3. The fc-th moment of y is by definition the k-th central moment of Yi thus 
we get 



E(y, fc )| = |E((y-E(y)) fc ; 

Since < E(y) < |, see ([7]) we have that 



^(t-E(y)) fc p(y = t) 



t=0 



J2(t - nwnYi = t) 



t=0 



< (E(F i )) fe P(Y i = o) + J2 tkF ( Y i = *) 



t=l 



< (E(y)) fc + ^t fc p(y >t) 

holds. Using P(y > t) < F(Y > t) and E(y) < E(Y), this implies 

oo 

E(y/0 < (E(y)) fc + c^t fc e-*, 



i=l 



where the last inequality holds with constant c > from the Lemma 12.41 The function 
/ : [0, oo] — > R, x i— > x k e~ x takes its maximal value at the argument x = k. Therefore we get 

oo k—1 oo 



t=k+l 



t=l 



< I x k e x dx + k k e k + I x fc e x dx 



k-k 
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x k e~ x dx + k k e~ k . 

Jo 

Partial integration leads to 

x k e~ x dx = / kx k ~ 1 e~ x dx = ••• = &! / e~ x dx = kl 
Jo Jo 

Now it is enough to show that 

(11) 2(E(Y)) k + 2ck\ + 2c (?\ <T k ~ 2 k\ 

holds for r = 6c. To this end we consider the three summands separately. The first one gives 
by ([7]) and as r > 1 

2(E(Y)) k 1 

T k ~ 2 kl ~ 3' 

The second summand gives 

2ck\ 2c , 1 



T k ~ 2 kl (6c) fc " 2 ~ 3 
and for the third summand we use Stirling formula kl > k k e~ k to obtain 

2ck k 2c 1 

< i-^r < 



e k T k-2 k \ - (g c -)fc-2 - 3" 

This shows that (jlip holds, which finishes the proof. ■ 

Given a finite set Q = {x±, . . . , x\q\} cGwe will use this result to show that the probability 
that "to many long edges" are incident to a vertex in Q is very small. To be precise, let R € N 
and 5 > be constants and set e = e{R) = E(Y) as in 0. We decompose the probability 
space = £li(5, R, Q) U ^(S, R, Q) by setting 



(12) fii(<y, i2,Q) := { u € U 



\Q\ 



£V<(w) > |Q|(e + *) > and Q 2 (<5, R, Q) := Q \ Q^S, R, Q). 



i=l 



where Yi, i = 1, . . . , \Q\ are given by flU). Thus the set Qi(8, R, Q) consists of all configurations 
where the number of edges of length longer than R that are incident to at least one vertex in 
Q is at least \Q\(e(R) + S). 

Corollary 3.3. Let Rq and r be as in Lemma \3.1A let 5 > and Q £ J~(G) be given and 
define Q\(S, R,Q) as above. Then the following inequality holds 



(13) P(fli (<f, i2,Q)) < 



exp(-^M) ,0<5<I 



Proof. By definition of Yi, Yi and e = s(R) we have 

(\Q\ \ (\Q\ 

F(n 1 (6,R,Q))=F lj2Y i >\Q\(E(Y) + S) I < P ( > |Q|<5 ] . 
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As the variables Yi,i = 1, . . . , |Q| are independent and fulfil conditions © this term can be 
estimated using Theorem 13.11 Setting a = 8\Q\ we get 



¥(Q 1 (5,R,Q))<{ > W 



exp (-°-ML\ ,S\Q\>^ 



which gives the desired estimate. 



4. Counting eigenvalues 

In this section we consider the Laplace operator A^ with respect to the random graph 
r\j acting a domain D u C £ 2 (G). To define this operator in a appropriate sense we restrict 
ourselves from now on to the set fijf C with P(fi]f) = 1 where T w is a locally finite graph 
for all co G fijf, cf. Lemma 12.31 

We denote by C C (G) C £ 2 (G) the dense subset of functions / : G — > C with finite support. 
On this space we define the operator A w : C C (G) — > £ 2 (G) by setting 

AJ(x):=m w (x)/(x)- £ /(y) = ]T (/(x) - /(y)) . 

y.[x,y]eE u y:[x,y]eE u 

It is known that this operator is essentially selfadjoint, cf. |Jor08t Woj09 , WcblO]. Thus there 



exists a domain such that A w : — > £ 2 (G) is the unique selfadjoint extension of A w . The 
operator A w will be called the Laplace operator. Similarly the Laplacian As : £ 2 (Vs) — >■ £ 2 (Vs) 
on a finite subgraph S = (Vs, E$) of the complete graph T is given by 

As/(a:) = £ (/(x) - /(y)) • 

We denote the set of all finite subgraphs of the complete graph T by S. The subset of 
S consisting of all subgraphs with vertex set Q G F(G) is called S(Q). For a subgraph 
S = (Vs, Es) of T and Q C Vs the induced subgraph of S on Q is denoted by S[Q], i.e. S'fQ] 
is the graph on vertex set Q, where two vertices are adjacent in S[Q] if and only if they are 
adjacent in S. Given a subgraph S = (Vs, Es) of F and an element x G G the translation of 
S by x is the graph 5x whose vertex set is Vs x = Vsx = {yx & G \ y & Vs} and the edges are 
E S x = {[y,y'\ e £ I [yx-Var 1 ] g E s }. 

In order to define the restriction of the Laplacian on a subset Q C G, we introduce mappings 
Pq and zq called projection and inclusion. The support of u G i 2 (G) is the set of those x G G, 
such that u(x) 7^ 0. We identify £ 2 (Q) = {u : Q — > C| J2 x eQ \ u (. x )\ 2 < °°} with the subspace 
of £ 2 (G) consisting of all elements supported in Q. The map pq : £ 2 (G) — > £ 2 (Q) is given by 
u i->- Pq(u), where pq(u)(x) = u(x) for x G Q. Similarly z'q : £ 2 (Q) — > £ 2 (G) is given by 



»0(u)(s) := 



u(x) if x G Q 
else 



For given u; G Oif and 5 = (Vs,-Es) G 5 we will particularly be interested in restricted 
operators pqA^iq : £ 2 (Q) -> ^ 2 (Q) and puivs^sPVsiu '■ £ 2 (U) -> ^ 2 (C7), where Q C G and 
17 C V5 are finite. For this we will use the notation 



^[Q] := pqA^q and A S [U] := pui Vs A s pv s iu ■ 
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Note that these operators are symmetric matrices with real entries, hence their eigenvalues 
are a subset of the real axis. Particularly for given u G Oif , R G No and Q G F{G) we will be 
interested in the difference 

D R (Q) := A Vu [q][Q r ] - A U [Q R ]. 

Definition 4.1. Let B(M) be the Banach space of right-continuous, bounded functions / : 
M. — > R equipped with supremum norm. For a selfadjoint operator A on a finite dimensional 
Hilbert space V we define its cumulative eigenvalue counting function n(A) G B(M) by setting 

n(A){E) := \{i G N | A; < E}\ 

for all E G R, where Aj, i = 1, . . . , dim 1/ are the eigenvalues of A, counted according to their 
multiplicity. 

The next two lemmata are stated for completeness reason. Their proofs are to be found 
for example in [LSUHl ILMV081 ILSV10] . 

Lemma 4.2. Let A and C be selfadjoint operators in a finite dimensional Hilbert space, then 
we have 

\n(A){E) - n(A + C){E)\ < rank(C) 

for all Bet. 

Lemma 4.3. Let V be a finite dimensional Hilbert space and U a subspace ofV. Ifi : U — ¥ V 
is the inclusion and p : V —> U the orthogonal projection, we have 

\n(A){E) -n(pAi){E)\ < 4 • rank(l - top) 

for all selfadjoint operators A onV and all energies £gK. 

For given Q G F{G), R G No, oj G tt u and S = (V S ,E S ) G S we define F*,F U : F(G) -> 
B(R) by 

(14) F*(Q) := niA^Qn]) and F U (Q) := F°(Q) = n(A w [Q]). 
as well as F R , F : S -)■ B(R) by 

(15) F R (S) := n(A s [(V s ) R ]) and F(S) := F°(S) = n(A s ). 

Lemma 4.4. Let R G No, u) G fiif and i/ie functions F R : T(G) -»• B(R) and F R : S ^ B(R) 
be given as above. Then the following holds true: 

(i) t/ie functions F R and F R are linearly bounded, in fact 

\\F R (Q)\\ < \Q\ and \\F R (S)\\ < \V S \ 

(ii) the function F R is invariant under translation, i.e. for any S G S and x G G we have 

F R (S) = F R {Sx). 

Proof. This follows easily from the definition. ■ 

The next results are devoted to prove further properties of these functions for R> Rq with 
Rq from Lemma 13.21 We will not be able to prove these properties for all oj G ^if but only 
for all co G where 



(16) ft := n(S, R, Q) := fi 2 (£, R, Q) H n u and n 2 {5, R, Q) given as in (JEJ) 

By Corollary S3] we have P(fi) > 1 - exp(-5 2 |Q|/4) for 5 < r^ 1 . The function F R : F{G) 
B(R), Q i y F R (Q) satisfies a weak form of additivity, described in the next 
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Lemma 4.5. Let Q € J~{G), R > Rq and 5 > be given and set f2 = £1(5, R, Q) as in §U 
and e = e(R) = ^2 y( zG\B R P(y) as ^ n Then for any disjoint sets Qi,i = l,...k with 

Q = |J i Qi the inequality 



i=l 



< 



4\Q\(e + 5)+4^T\d R (Q l )\ 



i=l 



holds for all uj £ Q. Here Rq is the constant given in Lemma \3.2l 

Proof. Let uj £ and disjoint sets Qi, i = 1, . . . k with Q = [j i Qi be given. During the proof 
we will call the edges of length longer than R the long edges. For given U € J~(G) we define 
an operator L^U] : £ 2 (U) — > £ 2 (U) which does only respect the long edges by 



(L.[U}f)(x) 



E f(v) 



ye.U:[x,y]S:E± 
d(x,y)>R 



and use the notation 



A^U] :=^[U]-L U [U]. 



As ui is an element of ^2(8, R, Q), the number of long edg es in which are incident to a 
vertex in Q is less than \Q\(e + 8). Hence the matrices L w [(5] and L U [Q R ] contain not more 
than 2|<5|(e + 5) non-zero elements and we get 

rank(L w [Q]) < 2|Q|(e + 5) and rank(L aJ [Q K ]) <2\Q\(e + 5). 

This combined with Lemma 14.21 gives 

(17) \\n(A u [Q R ]) - n(A^[Q R })\\ < rank(L w [Q R ] ) < 2|Q|(e + S) 

which immediately implies 



n(A w [g J i])-^n(A w [Q i ,fl]) 



i=l 



< 2\Q\(e + 6) + 



n(A^[Q R ])-J2n(A u [Q i>R }) 



i=i 



Here the last term can be estimated by 

k 

n(A^[Q R ))-J2n(^[Qi, R }) 



i=i 



< 



n(A^[Q R ])-J2n(A^[Q i!R ]) 



i=i 



+ 



^(n(Ai[ft, R ])-n(A w [Q lifi ])) 



i=i 



We apply again Lemma 14.21 and the fact that ^ i rank(L w [Qj j ^]) is bounded by the number 
of non-zero elements in L^fQ] as well. This proves the inequality 



(18) 



n 



(A W [Q R ])- J>(^[Q ilR D 



i=i 



<4|Q|(e + 5) + 



n(AL[Q R ])-^Tn(At[Qi, R ]) 



i=i 



Now we use a decoupling argument. By definition of A^[-] and L w [-] we get 



A 1 



[JQ 



i,R 



®(a£[q^]) 



11 



F. SCHWARZENBERGER 



Therefore we can count the eigenvalues of A^Q^r] for i = 1, . . . , k separately 



n A* 



[jQi 

i=l 



R 



i=l 



Now we apply Proposition S3] with V = £ 2 (Qr) and U = £ 2 (\Ji =1 Qi,R). Hence we act 



n(A£[Q*])-5>(A£[Q^]) 



i=l 



n(A^[Q R ])-n\Ai 



[jQi 



R 



<4j2\9 R Qi 

i=i 



This together with (|18p finishes the proof. ■ 

The next lemma shows that the functions F^ and F R act similarly with high probability. 

Lemma 4.6. Let Q G J~{G), R > Rq and 5 > be given and set fi = £1(5, R,Q) as in 
€ffl\) and e = e(R) = ^2 y€ G\B R P(y) as * n Then for any choice of disjoint sets Qi C Q, 
i = 1, . . . , k 

k 

£\\itfm-F R (X»[Qi])\\<\Q\(£ + s) 

1=1 

holds for all u G CI. Here Rq is the constant given in Lemma \3.S\ 

Proof. Let u G CI and disjoint subsets Qi, i = 1, . . . , k of Q be given. By definition of F R , 
F* and £>*(•) 



^||F«(Qo-^(iyQi]) 



j=l 



£ ||n(A w [Q iifl ]) - n(A ru[Qi] [Q i;R ])\\ 
i=i 

k 

£ \H\j[Qi,R]) - n(A w [Q iiR ] + D*(Qi))\ 



i=l 

holds. Lemma U2] yields that 

k k 

£ ||n(A w [Q^J) - n(A w [Q JiR ] + D*(Qi))\\ < £rank(^(Q,)) 

i=l i=l 

Note that D^(Q) : £ 2 (Qr) — > ( 2 (Qr) is a diagonal matrix where the entry at (x,x) denotes 
the number of edg es in from x G Qr to G \ The sum of these entries is bounded from 
above by the number of all edges of length longer than R which are incident to some x G Qr. 
Therefore we get 

k k k 

£rank( J D«(Q i ))<E Tr (^(^)) = E £ < £ D*(Q){x**) 

i=l i=l i=l xGQ itR %&Qr 

As uj is an element of CI2, the right hand side is not larger than \Q\{e + 8). ■ 
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5. Uniform approximation 

At the beginning of this section we introduce some notation concerning frequencies of 
finite subgraphs in infinite graphs. For two graphs S,S' G S the number of occurrences of 
translations of the graph S in S' is denoted by 

tts(S') := \{x G G | V s x c V S ; S'[V s x] = Sx}\. 

Counting occurrences of graphs along a F0mer sequence (Uj)j^ leads to the definition of 
frequencies. Let S G 5, (Uj)j £ n be a F0lner sequence and let T' = (V,E') be a subgraph of 
r on the full vertex set V. If the limit 

ji— voo \Uj\ 

exists we call fsft') the frequency of S in the graph V along (Uj)j£^. Similarly frequencies can 
be defined for subgraphs which are not (or sparsly) connected to the rest of the graph. Given 
R G N and a graph T' = (V 7 , E') on the full vertex set V, we say that a graph S = (Vg, Eg) is 
R-isolated in V if T[V S ] = S and [g, h] E' for all g G V s , h G G \ V s satisfying d(g, h) > R. 
Therefore a 1-isolated graph S has no edge connecting it with the rest of the graph. For a 
given graph S = (Vs,Eg) G <S, a set Q G F{G), R G N and V as above we write 

t)s,fl(r', Q) := \{x G G | Vsx C Q and Sx is R-isolated in r'}| 

for the number of occurrences of -R-isolated copies of S in Q. The frequency of an .R-isolated 
graph S along a F0lner sequence (Uj) in V is defined by 

^S,ij(F ) := lim ' , 

if the limit exists. In the following the graph T' will always b e given by percolation graph T^, 
uj G 0,. However Lemma 15. II will show that the frequencies ^(r^) will coincide for almost all 
The same will hold true for the frequencies i/s,fl(r w ). 
We define the action T of G on (0, .4, P) by 

(19) TiGxO^fi, ( 5 , w) i-> T s (w) := w^ 1 

where G is given pointwise by 

=^([^3,^/3]) for all x,y G G. 

Note that T is an ergodic and measure preserving left-action on (Q,A, P). 

Lemma 5.1. Given R G N and a tempered F0lner sequence (Q n ), there exists a set 17f r C O 
of full measure such that the frequencies ^s(r^) and z^p^r^) along (Q n ) exist for all S = 
(Vs, Es) G S and all uj G fifr, in particular 



vs ■= v s (Fu) = p{xy x ) • (l-p(xy x )) 



x, y ev s 



vs,r:=vs,r( T u)= Pixy' 1 )' {I- pixy" 1 )) ■ (1 - pixy" 1 )) 



x,y£Vg y£V s ,d(x,y)>R 



holds. 



To prove this Lemma we cite a special case of a pointwise Ergodic Theorem due to Lin- 
denstrauss (Theorem 1.2 in |Lin01| ) 
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Theorem 5.2. Let G act from the left on a measure space (Q,A, P) by an ergodic and 
measure preserving transformation T an let (Q n ) be a tempered F0lner sequence. Then for 
any f G L 1 (F) 



i^-oo \Q n \ ^ J 



holds almost surely. 

Proof of Lemma \5.1[ Let S = (Vs,Eg) G S be a graph such that id G Vg. We define As = 
{uj G fl | r^fVs] = <S} to be the subset of f2 consisting of all configurations where coincides 
with S on Vs and we denote the indicator function of A$ by fs- The number of occurrences 
of S in the graph r w [Q n ] can be estimated by 

(20) ]T /sh" 1 ) < H^[Q n }) < Yl fs&g- 1 )- 

This proves on the one hand that 

km sup r- < km sup t— — > /^(wp ) 

n— too \^4n\ n— >oo IVnl 

holds. Using the fact 

for all R > 0, ([20]) also implies 

hminf ME^ll > liminf J_ £ = liminf J_ £ 

n-voo \Q n \ n->oo |Q n | ^ n->oo \Q n \ j-^ 

9£Qn,dia.m(V s ) 9&Qn 

Consequently fs(Xui) = limn-t-oo Jts(r w [Qn])/|Qn| exists. The left action T of G on (ft, »4,P) 
is given by (|19p . thus it is measure preserving and ergodic. Therefore Theorem 15.21 gives 

The expectation value *E(fs) can be computeted via the probabilities given by p G l l {G) in 

e(/s)=p(/s(w)=i)= n n a-p^y" 1 ))- 

This procedure works in the same way for vs,r(^uj)- Defining 

As,r = G | r^Vs] = S and S is /^-isolated in T^} 
and fsR to be its indicator function, we get 



u s , R (r u ) = E(fs, R )= n p^v 1 )- IT (i-pter 1 ))- {i -pixy- 1 )). 

[x,y]<=E s l*,v]& 

x,y£\ 

Here the last product is finite since p G l l {G). 



[x,y]eE s [*,v]£Es [x, y ]eE,xev s , 

x,y£V S y(V S ,d(x,y)>R 
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Theorem 5.3. Let G be a finitely generated, amenable group and let (Q n ) be a strictly 
increasing, tempered F0lner sequence of monotiles. Let the functions F u : F(G) — > £>(K) and 
F : S — > B(R) be given as in fli^[ ) and A15\) . Then the following limits 



N : = lim 



\Qj 



lim \ 



F{S) 

\Qn\ 



' Jl SeS(Q n ) 

exist and are equal almost surely. The function N is called integrated density of states. 
The proof of this is based on the following Lemma. 

Lemma 5.4. Let G be a finitely generated, amenable group and let (Q n ) be a strictly increas- 
ing, tempered F0lner sequence of monotiles. Let j € N, R > Rq and < 5 < r" 1 be given, 
where Rq and r are constants given by Lemma \3.S\ Set e = e(R) = YlyeG\B R P(v) as ^ n & 
and £lj = Q(5, R,Qj) n fif r , where £1(6, R,Qj) is as in \16\) and fifr as in Lemma \5.1\ The 
functions F R : F{G) -> B(R) and F R : S -> B(R) are defined as in (T^ and JT^p. Then the 
difference 



Du(j,n,R) 



\Qj 



E 



v s - 



F R (S) 



seS(Q n ) 



\Qn\ 



satisfies the estimate 



D u {j,n,R)<4: 



\d R Q n \ 
\Qn\ 



+ 4 



\d R Q n \ 



+ 1 



\dP amQn Qj\ 



+ 5(e + 5)+ £ 

SeS(Q n ) 



\Qj\ 



I Qn I / I Qj I 

for all uj € Qj and all n € N. 

Note that by Corollary we have P(%) > 1 - exp(-5 2 |<5j/4) for all < S < r _1 . 

Proof. Let n G N and w 6 Qj be given. By inserting zeros we estimate the difference 
D u (j, n, R) in the following way 



D^{j,n,R) < 



F uiQj 



\Qj\ 



E 

QngCQj 



F R (Q n g) 



\Qj\-\Qn\ 



+ 



+ 



E 

9SG 
•nflCQ 



gg(g»g) 
IQj'l ' \Qn\ 



E 



E 

S€S(Q n ) 



F u [Qj])F R (S) 



\Qj\ \Qn\ 

F R (S) 



\Qj 



\Qn\ 



U S - 



seS(Q r , 



\Qn\ 



With another application of the triangle inequality this gives 

D u (J, n, A) < (i, n, A) + (j, ra, i?) + (j, , 

where 

1 



I Qj I ' I Qn 



E F *(Qi) - E 



g£G 

QnSCQj 
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D™{j,n,R) :-- 



I Qj I ' I Qn | 



seS(Q n ) 



E F ^Qna)- E tt^r.lQ,])^^) 

5€5(Q„) 



g€G 
QngCQj 

K^[Qj]) 



\Qj\ 



\\F R (S)\\ 

\Qn\ 



We use the boundedness of F R (S), see Lemma 03] to obtain 

teCiQj]) 



(21) 



Dg>(j,n,R)< E 

5G5(Q n ) 



^5 



To estimate the other terms we make use of the tiling property of the set Q n , which gives 
us that there exists a set T n C G such that G is the disjoint union of the sets Q n t, t G T n . 
For fixed x G G we shift the grid T n x = {tx | i € T n } and get 

G = Gx = |J Q„ta = (J Q n t 

i£T„ t£T n x 

and Q^t D Q n i' = for distinct t, i' € T. This shows that {Q n t \ t G T n x} is a tiling of G as 
well. Given a set U G J~(G) and an element i £ G, we set 

WXE/; x, n) := { 5 G T n x | Q n <7 n U + 0} 

and distinguish two types of elements in W(U,x,n) 

I(U,x,n) := {g £ T n x \ Q n g C U} and d(U, x, n) := W(U, x, n) \ I(U,x, n). 

Therefore translations of Q n by elements of I(U, x, n) are completely contained in U whereas 
translations of Q n by elements of d(U, x, n) have non-empty intersections with both U and 
G\U. By construction we have the following equality 

(22) {g G G | Q n g C Qj} = M ^ 7(Q i , x, n). 

We use the invariance of -F^ under translation, see Lemma 14.41 and then ([22]) to obtain 

1 



D { J\j,n,R) 



< 



I Qj I ' I Qn | 
1 

I Qj I ' I Qn | 



E (^(^)-i^(UQnS]) 

geG 
QngCQj 

E E |^(Qn5)-^(r.[Q„<7]) 



x£Qn geI(Qj,x,ri) 

As uj £ Cl(5, R, Qj) and as Q n g n Q n /i = for distinct g, h G I(Qj,x, n), Lemma I4TB1 leads to 



(23) 



Dg\j,n,R) < 



1 



E |Q j |(£ + <5) = e + <5. 



To estimate (j, n, i?) firstly note that the disjointness of the translates and the fact 
that Q n g C d dia,m( ^ n Qj holds for all g G d(Qj,x,n) imply the following inequalities: 



(24) |a(Q,,x,n)|-|Q n |<|5 diain ^Q j 



and 



\I(Qj,x,n)\ ■ \Q n \ < \Qj\- 
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We use again ([22]) to obtain 



(25) 

and analyse one summand 
A*(Q j)X ,n) 



l^'l ' l Qn ' x&Q. 



f*(Qj) - E F SiQn9) 

g£l(Qj,x,n) 



< 



F*(Qj) - £ F*(Q n g) 

geI(Qj,x,ri) 

F u(Qj) - E F *((Qn9)nQj 

geW(Qj,x,n) 



+ 



E ^((Qn<?) n Qj 

g£d(Qj,x,n) 



where the last inequality holds since W(Qj, x, n) is the disjoint union of d(Qj,x,n) and 
I(Qj,x,n). Next we use the weak form of additivity given by Lemma 14.51 This is applicable 
since ui G Vij C £1(5, R,Qj) and gives together with the boundedness of see Lemma 
the following 

A^(Q i ,x,n)<4^ E 1^(^)1+ E \d R {{Qn9)^Q j )\ + \Q j \{e + 5)\ 



■ g£l{Qj,x,n) 



g€d(Qj,x,n) 



+ E iGrtfl- 

9G9(Qj,a;,n) 

The invariance of <9^(-) and | • | under translation and the inequalities (|24p yield 
A^iQ^n) < 4|^Q n ||/(Q J ,x,n)| +4|a R Q n ||a(g i ,x,n)| + IQnll^Q,-, x,n)\ + 4|Q i |(e + 5) 

I/O . I iadiamQ n( Q .1 

< 4|^Q n |^4 + *\d R Q n \ l ^ | + |5 duni<? »Q i | + 4|Q J -|(e + <5) 



which we plug in at (|25p and obtain 



I Or 



L>W(j,n,i?)<^- T (4|^g 



IQil , ( A \9 R Qn\ 



+ 4 



|Qn| V l<9 



+ 1) |5 diamy "Q J |+4|g,|(e + 5) 



(26) 



IQnl V IQnl 



+ 1 



|fldiamQ n /Q .1 



The combination of the estimates in (|2ip . (j23[) and ()26p gives 
which proves the desired estimate on D w (j,n, 



IQil 



^5 



Proof o/ T/ieoremE3 For given j, n G N, i? > i? , < 5 < and oo € % := 0(5, i?, Q,) n 
fif r we set 



|Qn| \ IQn 



SeS(Q„) 



IQil 



20 F. SCHWARZENBERGER 

i.e. the upper bound for D w (j, n, R) given in the previous Lemma. In the following we explain 
how to choose the mutual dependences of the parameters j, n, R, 5 in order to obtain sufficient 
control on JB w (j, n, R, 5) and P(fJj) and be able to conclude the statement of the theorem. 

Since (Q n ) is a F0mer sequence we have for all R G N that lin^^oo |Q n | _1 |$ Q n \ = 0. 
The function R(n) is defined inductively in the following way: for all k G N we choose n& to 
be the smallest natural number such that |Qn| -1 |<9 fc Qn| < k~ l for all n > n^. Now we set 
R(n) = Ro for all n < hrq and R(n) = k for all < n < n^+i, k > Rq. This gives a function 
n i-> R(n) satisfying 

\d R ^Q n \ 

R{n) > Ro for all n£fj, lim R(n) = oo and lim — - = 0. 

n— >oo n— >oo \Qn\ 

Furthermore recall that e = s(R) = J2 y eG\B R P(v)i as m ©• Thus we have lirm^oo e{R{n)) = 

0. Setting 5(j) := {j 1 ^ a t)~ 1 implies for fixed n G N 

(27) 



S(j) < T~ l for all j G N, lim 5(j) =0 as well as exp ( -^JL\9A\ < 

j^oo \ 4 J 



exp 



4r 2 



for all j G N. Here we used j < \Qj\, which holds since (Qj) is strictly increasing. Now for 
j, n G N Lemma 15.41 implies that 

D u (j,n) := D u (j,n,R(n)) < B w (j, n, R(n),5(j)) =: B u (j,n) 

holds for all w G % := &(5(j), R(n), Qj) n fi* and P(0,-) > 1 - exp(-j 1 / 2 /4r 2 ) by d2ZD and 
Corollary 13.31 Furthermore for each u> G £lj we have 

Given j, n G N we set 



lim lim B^ij, n) = 0. 

n— >oo j— >oo 



Aj n) := {w G n K n O fr | > B u (j,n)}. 

Therefore P(A ( f ) ) < exp(-j 1/2 /At 2 ) for all j G N and hence £V P(^ n) ) < oo holds. Applying 
Borel-Cantelli lemma leads to 

oo oo 

f(A^) = 0, where := f] [j = {A^ infinitely often }. 

k=l j=k 

Thus we get 

P k fiif n Q h lim (D u (j, n) - B u (j, n)) < j = 1 

for all n G N. And hence there exists a set Vt C f2if n f£f r with P(fi) = 1 such that 
lim lim (D u (j, n) — B u (j, n)) < for all ui G ft 

n— too j—too 

which implies by definition of B u (j, n) 

(28) lim lim Djj,n) = for all u G Cl. 

n— s-oo j— yoo 

Let K > and co G arbitrary. There exists a natural number no = uq(uj,k) satisfying 
Hindoo D w (j, no) < k/8, thus there exists jo = jo(uj, k) G N such that D^j, no) < k/4 for all 
J > Jo- Using triangle inequality gives that 
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n-R(no) 



(Qr 



\Qj 



\Qr, 



< 



F, 



R(n ) 



(Qj) 



\Qj\ 



E Vs 

seS(Q no ) 



F R( - no \S) 



+ 



F 



R(n ) 



(Qr 



\Qr 



E VS 



\Qn | 

F R( - n °\S) 



S<=S(Q nQ ) 



I Qno I 



< D u (j, n ) + ^(m, n ) < - 



holds for all j, m > jo- Furthermore we use Lemma 14.31 to obtain that there exists a ji 
j'i(k) € N such that 



(29) 



F 



\Qj 



\Qj\ 



n(A w [Q i ]) - n(A a ,[Q ij _ R(ri0 )]) 



IQil 



, 4|<9 i *( n °)Q i | « 
- 4 



for all j > j\. Now the triangle inequality yields 



FUQj) F w (Q m ) 



\Qj 



\Qr 



< 



F UJ (Qj J 



? R{no) 



(Qi, 



\Qj\ 



\Qj\ 



+ 



\Qj\ 

F* {no) (Q 3 ) F^ no) {Q 



\Qi\ 



\Qr. 



+ 



? R( n o) 



(Qm) F UJ (^Q Jn ^ 



\Qr 



Qr, 



K, K, Ki 

* 4 + 2 + 4 =K 



for all j,m > max{jo, ji}, which implies that \Qj\ 1 F UJ (Qj) is a Cauchy sequence and hence 
convergent in the Banach space B(M) for all u £ Vt. We denote the limit function by N. 

It remains to show that YlseS(Q„) Us ^Q S ] conver g es to the same limit. Therefore we fix 
oj € Cl and consider 



lim 

n— >oc 



N 



E 



u s - 



F(S) 



\Qn\ 

Adding zeros leads to the inequality 



lim lim 



FUQj 



E 

SeS{Q n ) 



u s - 



F(S) 



\Qn\ 



(30) 



F u (Qj) 



\Qi 



E 



u s 



F(S) 



seS(Q n ) 



\Qn\ 



< 



F u (Qj) F^ n) {Q 3 



+ 



Fu {n) (Qj) 



\Qj 



E vs 



\Qj 

F R ^(S) 



SeS(Q n ) 



\Qn\ 



+ 



\Qj 



E vs 

S€S(Q n ) 



F R ^(S) 

\Qn\ 



E vs 



F(S) 



seS(Qn) 



\Qn\ 



Now we take limn^oo limj_ J . 00 on both sides and obtain that the three summands on the right 
vanish. The first one is zero by an estimate as in (|29p . Applying (|28p gives that the second 
summand vanishes. The third summand tends to zero since Lemma 14.31 yields 



E 



u s - 



ses(Q n ) 



F R ( n )(S) 

\Qn\ 



E 

seS(Q n ) 



u s 



F(S) 



\Qn\ 



< E "8 

seS(Q„) 



F R ( n \S)-F(S) 



\Qn\ 
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^ 4\d R ^Q n \ 

< 2^ vs ~ 



S&S{Q n ) 

and for some fixed y £ Q n 



I On | 



^ i/ s = Inn y^-r Yl \i x ^ G \ V S X C Qy, r w [F S s] = 
Se<S(Q„) ' 7 ^ 00 SG5(Q„) 

- lim 77T7 \{z EQj \ x := y~ x z, V u [Vsx] = Sx}\ 

l ^ 31 seS(Q n ) 

\J SeS t Q d z e Qj \ x := y~ lz > t oj[Vsx] = Sx} 



lim 



j->00 \Q 



< 1. 



This proves the claimed convergence for all uj £ fi. 



6. Discontinuities 

In this section we investigate the points of discontinuity of the integrated density of states. 
We firstly prove a criteria that the IDS has a jump at A £ R. Afterwords we characterise the 
set of points of discontinuity as a large subset of the real axis. 

Theorem 6.1. There exists a set SlcSJ of full measure such that for each uj £ Q and A £ R 
the following assertions are equivalent: 

(a) X is a point of discontinuity of N 

(b) there exists a finitely supported eigenfunction corresponding to A 

(c) there exist infinitely many mutually independent finitely supported eigenvectors corre- 
sponding to A 

Proof. Let (Qj) be a strictly increasing, tempered F0lner sequence and Vt C Vt a set of full 
measure such that Theorem 15.31 holds for all oj £ 0. Note that f2 C fif r D fiif, which implies 
in particular that for an arbitrary graph S £ S and u £ the frequency in r w along (Qj) 
exists. As p is assumed to be an element of £ l (G) there exists R £ N such that p(xy~ l ) is 
strictly smaller than 1 for all x,y £ G satisfying y) > -R. We fix this R £ N and some 
w £ 0. 

Let A be a point of discontinuity of N. Theorem 15.31 yields that n(A ul [Qj])/\Qj\ approxi- 
mates the IDS N uniformly in the energy variable. Hence there exists a constant c > such 
that 

dim(ker(A a) [Q i ] - A)) = hm (n(A u [Qj])(X + e) - n(A w [Q J -])(A - e)) > c\Qj\. 

for all j € N. Since (Qj) is a F0mer sequence, we have linij-xx, \d^ t Qj\/\Qj \ = 0, which 
implies the existence of k £ N such that 

dim(ker(A w [Q fc ] - A)) > c\Q k \ > \d£ t Q k \ = dim(£ 2 (d£ t Q k )) 

holds. A well known dimension argument yields that there exists an element ^ u £ £ 2 (Q k ) 
satisfying (Au[Qk\ — X)u = and u = on d^ t Q k . Now we consider the subgraph 

(31) S:=(y s> E s ):=T u [Q k ]. 
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Lemma [5TT] proves that the frequency of R- isolated occurrences of S in along (Qj) is given 
by 

(32) v s ,r= J] Pixy" 1 )- J] (l-p(xy~ 1 ))- \{ (1 — p(xy^)) 

[x,y]eE S [*,V\$ES [x,y]£E,x£V s , 

x,y£V S y£V s ,d(x,y)>R 

Here the first two products have to be non-zero as S is a restriction of r w . The positivity of 
the infinite product follows from the choice of R and the summability condition on p. This 
implies that there is an infinite set M C G such that r w [Qfcx] is an i?-isolated copy of S for 
each x G M. Furthermore there exists an infinite subset M' C M such that QkX n Qty = for 
all x, y G M'. For x G M' we define u x G i 2 (G) by setting 



u x (g) 



u(gx x ) g G Q fc x 
else. 



Then u x , a; G M' are mutually independent, finitely supported eigenfunctions of A w corre- 
sponding to A. This proves that (a) implies (c). 

Obviously (c) implies (b), thus it remains to show that given a finitely supported eigen- 
function u corresponding to A G 1 the IDS is discontinuous at A. To this end let r > be 
large enough that supp(u) C B r . As w G Ojf the graph T w is locally finite. Therefore we find 
s > r such that there are no edges connecting the sets B r and G\B S in . Now we consider 
the graph S = (Vs, Eg) ■= T u [B-t], where t := s + R. As S is a restriction of the frequency 
V S,R of R- isolated occurrences of 5 in along (Qj) is strictly positive. Thus there exists a 
constant c > such that ^s t R(T u ,Qj) > c\Qj\ for j large enough. 

For given Q G J~(G) each disjoint i?-isolated copy of S in r^, [Q] adds a dimension to the 
eigenspace of pqA^iq corresponding to A. Therefore we define ^^(r^, Q) to be the maximal 
number of disjoint and i?-isolated occurrences of the subgraph S in r w [Q]. It is easy to verify 
that in this situation the inequality | -63* | tt^i? (r^ , Q) > $s,r(Tu,Q) holds. For each e > we 
get 

n(A„[Q])(A-e) n(A tJ [Q])(A + e) - fc, fl (r„, Q) n(A„[Q])(A + e) tf^fl^Q) 
IQI " 101 " 101 l^stHOI ' 

Replacing Q by elements of the sequence (Qj) yields 

n(A^[Q,])(A + e) n(A a; [Q i ])(A -e) g^^Qy) 
lOil IQil " |S 3 *| IQjI ' 

We let j tend to infinity and obtain 

N(\ + e)-N(\-e)>^- 

which proves that A is a point of discontinuity of N . ■ 

Now we study the set of points of discontinuity, which obviously depends on the specific 
choice of the function p G l l (G). Here we consider the case where the given function p satisfies 
not just ([2]) but even 

(33) < p(x) < 1 and p(x) = p(x~ l ) 

for all x G G. Defining the set 

IF = {AgM|35g5 with A G a(A s )}, 
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we prove the following 

Corollary 6.2. Let p € l l {G) satisfying A33\) and the associated probability space (Q,A, P) 
be given. Then the set of points of discontinuity of the IDS N equals W almost surley. 

Proof. Let Vi C J)f r CI ^if be a set of full measure such that Theorem 15.31 holds for all oj 6 Q 
and choose some 

Let A be a point of discontinuity of TV. By Theorem 16,11 there is a finitely supported 
eigenfunction u corresponding to A. As in the proof of Theorem 16.11 we find r > such that 
supp(n) C B r and s > r such that there are no edges in r w connecting B r with G\B S . We 
set S = (Ys, Eg) = r u [B s ]. Therefore A is an eigenvalue of As with eigenfunction py s u. 

Let A be an element in W, i.e. there exists S = (Vs,Es) € S such that A is an eigenvalue 
of the associated Laplacian Ag. Let u be an associated eigenfunction. By Lemma 15.11 the 
frequency vg,\ is given by 

^,i= n p^ 1 )- n (i-p^ 1 ))- n a-p^y -1 )) 

[x,y]eE s \x, v \<tE s [x,y]eB,xev s , 

x,y£V S y(£V S ,d(x,y)>l 

which is strictly positive by assumption on p. Thus there exists a x € G such that Sx is a 
1-isolated copy of S in Then v! G £ 2 (G) given by 




9 G Vsx 
else 



is a finitely supported eigenfunction of A u corresponding to A. By Theorem 16.11 this implies 
the discontinuity of N at A. ■ 
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